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ON ASYMPTOTICS OF q-GAMMA FUNCTIONS
RUIMING ZHANG
Abstrat. In this paper we derive some asymptoti formulas for the q-Gamma
funtion Γq(z) for q tending to 1.
1. Introdution
Given omplex numbers
(1) 0 < q < 1, a ∈ C,
we dene [1, 2, 3, 4℄
(2) (a; q)∞ :=
∞∏
k=0
(1 − aqk),
and the q-Gamma funtion
(3) Γq(z) :=
(q; q)∞
(qz ; q)∞
(1 − q)1−z z ∈ C.
The Euler Gamma funtion Γ(z) is dened as [1, 2, 3, 4℄
(4)
1
Γ(z)
= z
∞∏
k=1
(
1 +
z
k
)(
1 +
1
k
)
−z
, z ∈ C.
The Gamma funtion satises the reetion formula
(5) Γ(z)Γ(1− z) = pi
sinpiz
, z ∈ C,
and the integral representation
(6) Γ(z) =
∫
∞
0
e−ttz−1dt, ℜ(z) > 0.
The Gamma funtion is a very important funtion in the theory of speial funtions,
sine all the hypergeometri series are dened in terms of the shifted fatorials (a)n,
whih are quotients of two Gamma funtions
(7) (a)n :=
Γ(a+ n)
Γ(a)
, a ∈ C, n ∈ Z.
Similarly, the q-Gamma funtion is also very important in the theory of the basi
hypergeometri series, beause all the basi hypergeometri series are dened in
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terms of the q-shifted fatorials (a; q)n, whih are saled quotients of the q-Gamma
funtions
(8) (qα; q)n =
(1− q)nΓq(α+ n)
Γq(α)
, α ∈ C, n ∈ Z.
W. Gosper heuristially argued that [1, 2, 3, 4℄
(9) lim
q→1
1
Γq(z)
=
1
Γ(z)
, z ∈ C.
For a rigorous proof of the ase z ∈ R, see [1℄. In this short note we are going to
derive some asymptoti formulas for Γq(z) as q → 1 in two dierent modes. In the
rst mode we let z → ∞ and q → 1 simultaneously, while in the seond mode we
let q → 1 for a xed z.
Lemma 1.1. Given any omplex number a, assume that
(10) 0 <
|a| qn
1− q <
1
2
for some positive integer n. Then, for any positive integer K, we have
(11)
(a; q)n
(a; q)∞
=
1
(aqn; q)∞
:=
K−1∑
k=0
(aqn)k
(q; q)k
+ r1(a, n,K)
with
(12) |r1(a, n,K)| ≤ 2 (|a| q
n)
K
(q; q)K
,
and
(13)
(a; q)∞
(a; q)n
= (aqn; q)∞ :=
K−1∑
k=0
qk(k−1)/2
(q; q)k
(−aqn)k + r2(a, n,K)
with
(14) |r2(a, n,K)| ≤ 2q
K(K−1)/2(|a| qn)K
(q; q)K
.
Proof. From the q-binomial theorem [1, 2, 3, 4℄
(15)
(az; q)∞
(z; q)∞
=
∞∑
k=0
(a; q)k
(q; q)k
zk a, z ∈ C,
we obtain
r1(a, n,K) =
∞∑
k=K
(aqn)
k
(q; q)k
=
(aqn)K
(q; q)K
∞∑
k=0
(aqn)
k
(qK+1; q)k
.
Sine
(qK+1; q)k ≥ (1 − q)k
for k = 0, 1, ..., thus,
|r1(a, n,K)| ≤ (|a| q
n)K
(q; q)K
∞∑
k=0
( |a| qn
1− q
)k
≤ 2(|a| q
n)K
(q; q)K
.
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Apply a limiting ase of (15),
(16) (z; q)∞ =
∞∑
k=0
qk(k−1)/2
(q; q)k
(−z)k z ∈ C,
we get
r2(a, n,K) =
qK(K−1)/2(−aqn)K
(q; q)K
∞∑
k=0
(−aqn)kqk(k+2K−1)/2
(qK+1; q)k
.
From the inequalities,
1− qk
1− q ≥ kq
k−1,
(qK+1; q)k
(1− q)k ≥ k!q
k(k+2K−1)/2, for k = 0, 1, . . .
we obtain
|r2(a, n,K)| ≤ q
K(K−1)/2(|a| qn)K
(q; q)K
∞∑
k=0
1
k!
( |a| qn
1− q
)k
≤ q
K(K−1)/2(|a| qn)K
(q; q)K
exp(1/2) <
2qK(K−1)/2(|a| qn)K
(q; q)K
.

The Jaobi theta funtions are dened as
θ1(z; q) := θ1(v|τ) := −i
∞∑
k=−∞
(−1)kq(k+1/2)2e(2k+1)piiv,(17)
θ2(z; q) := θ2(v|τ) :=
∞∑
k=−∞
q(k+1/2)
2
e(2k+1)piiv,(18)
θ3(z; q) := θ3(v|τ) :=
∞∑
k=−∞
qk
2
e2kpiiv,(19)
θ4(z; q) := θ4(v|τ) :=
∞∑
k=−∞
(−1)kqk2e2kpiiv,(20)
where
(21) z = e2piiv, q = epiiτ , ℑ(τ) > 0.
The Jaobi's triple produt identities are
θ1(v|τ) = 2q1/4 sinpiv(q2; q2)∞(q2e2piiv; q2)∞(q2e−2piiv; q2)∞,(22)
θ2(v|τ) = 2q1/4 cospiv(q2; q2)∞(−q2e2piiv; q2)∞(−q2e−2piiv; q2)∞,(23)
θ3(v|τ) = (q2; q2)∞(−qe2piiv; q2)∞(−qe−2piiv; q2)∞,(24)
θ4(v|τ) = (q2; q2)∞(qe2piiv; q2)∞(qe−2piiv; q2)∞,(25)
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they satisfy transformations:
θ1
(
v
τ
| − 1
τ
)
= −i
√
τ
i
epiiv
2/τθ1 (v | τ) ,(26)
θ2
(
v
τ
| − 1
τ
)
=
√
τ
i
epiiv
2/τθ4 (v | τ) ,(27)
θ3
(
v
τ
| − 1
τ
)
=
√
τ
i
epiiv
2/τθ3 (v | τ) ,(28)
θ4
(
v
τ
| − 1
τ
)
=
√
τ
i
epiiv
2/τθ2 (v | τ) .(29)
The Dedekind η(τ) is dened as [5℄
(30) η(τ) := epiiτ/12
∞∏
k=1
(1 − e2piikτ ),
or
(31) η(τ) = q1/12(q2; q2)∞, q = e
piiτ , ℑ(τ) > 0,
it has the transformation formula
(32) η
(
− 1
τ
)
=
√
τ
i
η(τ).
Lemma 1.2. For
(33) 0 < a < 1, n ∈ N, γ > 0,
and
(34) q = e−2piγ
−1n−a ,
we have
(35) (q; q)∞ =
√
γna exp
{ pi
12
(
(γna)−1 − γna)}{1 +O (e−2piγna)} ,
and
(36)
1
(q; q)∞
=
exp
{
pi
12
(
γna − (γna)−1)}√
γna
{
1 +O
(
e−2piγn
a
)}
as n→∞.
Proof. From formulas (30), (31) and (32) we get
(q; q)∞ = exp
(
piγ−1n−a/12
)
η
(
γ−1n−ai
)
=
√
γna exp
(
piγ−1n−a/12
)
η(γnai)
=
√
γna exp
(
piγ−1n−a/12− piγna/12)
∞∏
k=1
(1− e−2piγkna)
=
√
γna exp
(
piγ−1n−a/12− piγna/12){1 +O (e−2piγna)} ,
and
1
(q; q)∞
=
exp
(
piγna/12− piγ−1n−a/12)√
γna
{
1 +O
(
e−2piγn
a
)}
as n→∞. 
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2. Main Results
For ℜ(z) > − 12 , we write
(37)
Γq(z + 1/2)
(q; q)∞(1 − q)1/2−z =
1
(qz+1/2; q)∞
,
then,
(38) Γq(z +
1
2
) =
(q; q)∞
(1− q)z−1/2
∞∑
k=0
qk(z+1/2)
(q; q)k
.
Formula (37) implies
(39) Γq(
1
2
+ z)Γq(
1
2
− z) = (1 − q)(q; q)
3
∞
(q, q1/2−z , q1/2+z; q)∞
,
or
(40) Γq(
1
2
+ z)Γq(
1
2
− z) = (1 − q)(q; q)
3
∞
θ4(qz ; q1/2)
.
Thus,
(41) Γq(
1
2
− z) = (q; q)
2
∞
(1 − q)z+1/2
θ4(qz; q1/2)
(qz+1/2; q)∞
or
(42) Γq(
1
2
− z) = (q; q)
2
∞
(1− q)z+1/2
θ4(qz; q1/2)
∞∑
k=0
qk(k−1)/2(−qz+1/2)k
(q; q)k
for ℜ(z) > − 12 .
2.1. Case q → 1 and z →∞:
Theorem 2.1. For
(43) 0 < a <
1
2
, n ∈ N, u ∈ R, q = exp(−2n−api),
we have
1
Γq
(
1
2 − n− nau
) = 2 exp
(
pin−a(nau+ n)2
)
cospi(nau+ n)
{
1 +O (e−2pina)}
√
na exp (pina/12 + pin−a/6) (1− exp(−2pin−a))n+nau+1/2
,
(44)
and
1
Γq
(
1
2 + n+ n
au
) = exp(pina/12− pin−a/12)
{
1 +O (e−2pina)}√
na(1− e−2pin−a)1/2−n−nau(45)
as n→∞, and the big-O term is uniform with respet u for u ∈ [0,∞).
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2.2. Case q → 1 and z xed:
Theorem 2.2. Assume that
(46) q = e−2piτ , τ > 0, x ∈ R.
If
(47) x > −1
2
, q > 1− exp(−22x+1),
then
(48) Γq(
1
2
+ x) = Γ(x+ 1/2)
{
1 +O ((1 − q) log2(1 − q))} ,
and
(49)
1
Γq(
1
2 − x)
=
{
1 +O ((1− q) log2(1− q))}
Γ(12 − x)
,
where the impliit onstants of the big-O terms are independent of x under the
ondition (47)
3. Proofs
3.1. Proof for Theorem 2.1.
Proof. We rst observe that
1
(q; q)∞
=
exp (pina/12− pin−a/12)√
na
{
1 +O
(
e−2pin
a
)}
,
and
1
Γq (1/2− n− nau) =
(q1/2−ne2piu; q)∞
(q; q)∞(1− q)n+nau+1/2
=
(q, q1/2e−2piu, q1/2e2piu; q)∞q
−n2/2e2pinu
(−1)n(1 − q)n+nau+1/2(q, q, qn+1/2e−2piu; q)∞
as n→∞. Then we have
1
(q, q, qn+1/2e−2piu; q)∞
= n−a exp
(
pina/6− pin−a/6){1 +O (e−2pina)} ,
and
(q, q1/2e−2piu, q1/2e2piu; q)∞ = θ4(ui | n−ai) = na/2epin
au2θ2(n
au | nai)
= 2na/2 exppina(u2 − 1/4) cos(naupi)
{
1 +O
(
e−2pin
a
)}
as n→∞. Thus,
1
Γq (1/2− n− nau) =
2 exppi
(
n−a(nau+ n)2
)
cos(pinau+ npi)
{
1 +O (e−2pina)}
na/2
(
1− e−2pin−a)n+nau+1/2 exp (pina/12 + pin−a/6)
as n→∞, and it is lear that the big-O term is uniform with respet to u ≥ 0.
Similarly, formula (45) follows from Lemma 1.1 and 1.2. 
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3.2. Proof for Theorem 2.2.
Proof. From (27), (32) and
Γq(
1
2
+ x)Γq(
1
2
− x) = η(τi)
3epiτ/4(1− e−2piτ )
θ4(xτi|τi) ,
we get
Γq(
1
2
+ x) =
(1− e−2piτ ) exp (−piτ(x2 − 1/4))
τΓq(
1
2 − x)
η3(i/τ)
θ2(x|i/τ) ,
and (8) and (15) imply that
Γq(
1
2
+ x) =
(1 − e−2piτ ) exp (−piτ(x2 − 1/4))
2τ cos(pix)Γq(
1
2 − x)
{
1 +O
(
exp(−2pi
τ
)}
=
pi exp
(−piτx2) {1 +O (τ)}
cos(pix)Γq(
1
2 − x)
=
pi exp
(
−piτ log2(1− q) x2
log2(1−q)
)
{1 +O (τ)}
cos(pix)Γq(
1
2 − x)
as τ → 0+ and the big-O term is independent of x.
The ondition (47) implies that
0 <
x2
log2(1− q) < 1,
then,
Γq(
1
2
+ x) =
pi
{
1 +O ((1− q) log2(1− q))}
cos(pix)Γq(
1
2 − x)
as q → 1 and the impliit onstant above is independent of x.
It is well-known that an q-analogue of (6) is [1, 2, 3, 4℄∫
∞
0
tx−1/2
(−t; q)∞ dt =
pi
cospix
(q1/2−x; q)∞
(q; q)∞
, x > −1
2
,
or ∫
∞
0
tx−1/2dt
(−(1 − q)t; q)∞ =
pi
cos(pix)Γq(
1
2 − x)
, x > −1
2
.
Consequently,
Γq(
1
2
+ x) =
{
1 +O ((1 − q) log2(1 − q))}
∫
∞
0
tx−1/2dt
(−(1 − q)t; q)∞
as τ → 0+ and the impliit onstant of the big-O term here is independent of x
with x > − 12 .
Write ∫
∞
0
tx−1/2dt
(−(1− q)t; q)∞ := I1 + I2,
where
I1 :=
∫ log(1−q)−2
0
tx−1/2dt
(−(1− q)t; q)∞ ,
and
I2 :=
∫
∞
log(1−q)−2
tx−1/2dt
(−(1− q)t; q)∞ .
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In I1 we have
log(−(1− q)t; q)∞ =
∞∑
k=0
log(1 + (1− q)tqk)
=
∞∑
k=0
∞∑
n=0
(−1)n
n+ 1
(
(1− q)tqk)n+1
=
∞∑
n=0
(−1)ntn+1
n+ 1
(1 − q)n+1
1− qn+1
= t+ r(n),
where
r(n) :=
∞∑
n=1
(−1)ntn+1
n+ 1
(1− q)n+1
1− qn+1 .
The ondition (47) implies that
0 < (1− q) log(1 − q)−1 < e−1,
then
|r(n)| ≤ c(1− q) log2(1− q),
with
c = 4
∞∑
n=0
[
2(1− q) log(1− q)−1]n
n+ 2
< 4
∞∑
n=0
(2e−1)n
n+ 2
.
Therefore,
I1 =
∫ 2 log(1−q)−1
0
e−ttx−1/2dt
{
1 +O ((1 − q) log2(1 − q))}
as τ → 0+, and the impliit onstant of the big-O term is independent of x.
Sine∫
∞
2 log(1−q)−1
e−ttx−1/2dt ≤ e− log(1−q)−1
∫
∞
2 log(1−q)−1
e−t/2tx−1/2dt < (1− q)Γ(x+ 1/2)2x+1/2,
learly, ∫
∞
2 log(1−q)−1
e−ttx−1/2dt = Γ(x+ 1/2)O ((1− q) log2(1− q)) .
Thus,
I1 = Γ(x+ 1/2)
{
1 +O ((1 − q) log2(1 − q))} ,
as τ → 0+, and the impliit onstant of the big-O term is independent of x under
the ondition (47).
Reall that
(−(1− q)t; q)∞ =
∞∑
n=0
qn(n−1)/2tn
(1− q)n
(q; q)n
> qn(n−1)/2tn
(1− q)n
(q; q)n
,
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for any n = ⌊− log(1 − q)⌋ ≥ 22x+1 > 2x+ 1. Then,
I2 ≤ q
n(1−n)/2(q; q)n(− log(1− q))2x−2n+1
(1− q)n(n− x− 1/2)
<
Γ(x+ 1/2)n!qn(1−n)/2(− log(1− q))2x−2n+1
Γ(x+ 3/2)
< Γ(x+ 1/2)n!qn(1−n)/2(− log(1− q))2x−2n+1.
It is lear that
qn(1−n)/2 = O(1)
as τ → 0+. From the Stirling formula
n! =
√
2pin
(n
e
)n{
1 +O
(
1
n
)}
as n→∞, we have
I2 = Γ(x+
1
2
)O
(
(1− q) log1/2(1− q)−1
)
as τ → 0+ and the impliit onstant of the big-O term is independent of x under
the ondition (47).
Therefore, under the ondition (47)∫
∞
0
tx−1/2dt
(−(1− q)t; q)∞ = Γ(x+ 1/2)
{
1 +O ((1− q) log2(1− q))}
as τ → 0+ and the impliit onstant of the big-O term is independent of x > − 12 .
Hene we have proved that under the ondition (47) we have
Γq(
1
2
+ x) = Γ(x+
1
2
)
{
1 +O ((1− q) log2(1− q))} , x > −1/2.
Then,
Γq(
1
2
− x) = pi secpix
Γ(x+ 1/2)
{
1 +O ((1 − q) log2(1− q))} ,
whih is
1
Γq(
1
2 − x)
=
{
1 +O ((1− q) log2(1− q))}
Γ(12 − x)
,
where the impliit onstant of the big-O term is independent of x > − 12 . 
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